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CIRCULAR SYMMETRIZATION, SUBORDINATION AND 
ARCLENGTH PROBLEMS ON CONVEX FUNCTIONS 

M. OKADA, S. PONNUSAMY, A. VASUDEVARAO, AND H. YANAGIHARA 


Abstract. We study the class C(D) of univalent analytic functions / in the 
unit disk ID = {z S C : |z| < 1} of the form f{z) = z + satisfying 


1 + 


zf"(z) 

f'(^) 


e fi, 


z e ID, 


where will be a proper subdomain of C which is starlike with respect to 
1(G n). Let (/)Q be the unique conformal mapping of ID onto fi with (?!)n(0) = 1 

and (^q(O) > 0 and fcn(z) = fg exp “ 1) dt. Let U(/) de¬ 
note the arclength of the image of the circle {z € C : \z\ = r}, r G (0,1). 

The first result in this paper is an inequality Lr(/) < for / G C(D), 

which solves the general extremal problem maxjgc(Q) Lr{f), and contains 
many other well-known results of the previous authors as special cases. Other 
results of this article cover another set of related problems about integral 
means in the general setting of the class C(0). 


1. Introduction 

Let C be the complex plane and D(c, r) = G C : |^ —c| < r} with c G C and 
r > 0. In particnlar we denote the nnit disk D(0,1) by D. Let A be the linear 
space of all analytic fnnctions in the nnit disk D, endowed with the topology of 
nniform convergence on every compact snbset of D. Set Aq = {f & 'H : /(O) = 
/'(O) — 1 = 0} and denote by S the subclass of Aq consisting of all univalent 
functions as usual. Then iS is a compact subset of the metrizable space A. See 
|5l Chap. 9] for details. For / G A and 0 < r < 1, let 

Lrif)= r r\nre^^)\d9 


denote the arclength of the image of the circle cID(0, r) = {^ G C : \z\ = r}. 
Many extremal problems in the class S have been solved by the Koebe function 

k{z) = 


{1-zy 


File: PVY_arclength_13_final.tex, printed; 2015-9-15, 1.06 

2010 Mathematics Subject Classification. 30C45. 

Key words and phrases. Univalent, close-to-convex, starlike and convex functions; integral 
means, arclength, symmetrization, subordination. 

^ This authors is on leave from Indian Institute of Technology Madras, 


India. 


1 





2 


M. OKADA, S. PONNUSAMY, A. VASUDEVARAO, AND H. YANAGIHARA 


or by its rotation; ke{z) = where 9 is real. Note that ke maps the 

unit disk © onto the complement of a ray. In any case, since the functional 
A 3 f ^ Lr{f) is continuous and the class S is compact, a solution of the 
extremal problem 


( 1 . 1 ) 


max Lri f) 

f€S ^ 


exists and is in S. We remark that with a clever use of Dirichlet-finite integral 
and the isoperimetric inequality, Yamashita |16] obtained the following upper 
and lower estimates for the functional fll.ip : 

27ir 

m(r) < Lr{k) < maxL^(/) < ---, 

/e<s (1 — ry 

where 

2'nr\/A + 4r^ + 1 27rr(l + r) \/6 7rr(l + r) 

HI (i-r2)2 - (l-r)2 8 2(1 - r)2' 

This observation provides an improvement over the earlier result of Duren [H 
Theorem 2] and [HI p. 39], and moreover. 


m{r) > 


\/6 7rr 
^ (l-r)2- 


The extremal problem fjl.ll) stimulated much research in the theory of univa¬ 
lent functions, and the problem of determining of the maximum value and the 
extremal functions in S remains open. However, the extremal problem 


(1.2) maxLr(/) 

has been solved for a number of subclasses of S. In order to motivate these 
known results and also for our further discussion on this topic, we need to intro¬ 
duce some notations. 


Unless otherwise stated explicitly, throughout the discussion hi will be a simply 
connected domain in C with 1 G 7 ^ C and is the unique conformal mapping 
of D onto fl with 0o(O) = 1 and 0^(0) > 0. 

Ma and Minda uni considered the classes iS*(r 2 ) and C(r 2 ) with some mild 
conditions, eg. hi is starlike with respect to 1 and the symmetry with respect to 
the real axis R, i.e., hi = hi: 

( 

—— G n on © 

z) 

and 

- G n on D . 

Note that, with the special choice of hi = El =: {w G C : Re tc > 0}, these two 
classes consist of starlike and convex functions in the standard sense, and are 
denoted simply by S* and C, respectively. 


C(r2) — < / G ^0 : 1 + 


zf'jz 

f'iz) 



syn) = lfeA, 


zf 


/( 
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If 0 < a < 1 and = {w G C : | Arg w\ < 2~^7ia}, then (j)n{z) = {(1 + 
z)/{l — z)}°‘, and hence, in this choice C(r 2 ) reduces to the class of strongly 
convex functions of order a. 

Furthermore, for —1/2 < (3 < I and Q = {w E C : Rew > /?} and (j)Q{z) = 
(1 + (1 — 2l3)z)/{l — z), the class C{{w G C : Retc > f3}) coincides with the 
class of convex functions of order (3. Various subclasses of C can be expressed in 
this way. For details we refer to [10] and HU. We notice that it may be possible 
that H C fl, and in this case we have C C C(r2) whenever 0 < /9 < 1. When 
—1/2 < /3 < 0, functions in C(r 2 ) are known to be convex in some direction (see 

m)- 

A function / in Aq is said to be close-to-convex if there exists a convex function 
g and a real number (3 G (— 7 r/ 2 , 7 r/ 2 ) such that 

G e 

9'a) 

on D. We denote the class of close-to-convex functions in D by /C which has been 
introduced by Kaplan [^. These standard geometric classes are related by the 
proper inclusions 

C CS* C)C CS. 

The extremal problem fll.21) for 3F = C has been solved by Keogh | 8 ] who showed 
that 

^TTT 

msixLrif) = - - 5 - = Lr{ie) 

fee I —A 

with equality if and only if f = ig. Here £e{z) = z/(1 — e^^z), where 6 is real. The 
extremal problem fll. 2 |) for the cases 3F = S* and 3F = K were solved by Marx [TT] 
and Clunie and Duren [3], respectively. In both cases, the Koebe function and 
its rotations solve the corresponding extremal problem. That is, for 3F = S* and 
3F = fC, one has max/gj-Lr(/) = Lr{k) with equality if and only if f{z) = kg^z), 
where 9 is real. As a straightforward adaptations of the known proofs. Miller [ 12 ] 
extended all these three cases to the corresponding subclasses of S consisting of 
m-fold convex, starlike and close-to-convex functions, respectively. Finally, by 
making use of the theory of symmetrization developed by Baernstein [2], Leung 
P] extended the result for 3F = S* to the class of Bazilevic functions and the 
generalized functional <h(log \f'{re^^)\) dd, where $ is a nondecreasing convex 
function on M. Recently, the extremal problem fll. 2 p for the class of convex 
functions of order — 1/2 was solved in [ 1 ]. 

One of the aims of the present article is to study similar extremal problems 
for various subclasses C(r2) in a unified manner. Let 

(1.3) kn{z) = j exp - ^d(^dt, z G D. 

Then G C(r2). When O is starlike with respect to 1, the extremal problem 
maxjgc(o) Lr{f) can be solved and ku plays the role of the extremal function. 
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Theorem 1.1. IfQ is starlike with respect to 1, then, for f G C{VL), we have 
(1.4) Lrif) < Lr{kn) 

with equality if and only if f{z) = ek^^ez) for some e G 5D. 


Let / and F be analytic fnnctions in ©. Then / is said to be subordinate to F 
(/ F, or f{z) -< F{z) in D, in short) if there exists an analytic function ca in © 
with \oo{z)\ < | 2 ;| and f{z) = F{u{z)) in D. In particular /(©) C F(D) holds, if 
f -< F. Notice that when F is univalent in D, / -< F if and only if /(D) C F(D) 
and /(O) = F(0). 

Furthermore, by making use of subordination and circular symmetrization, we 
can considerably strengthen Theorem 11.11 We note that / G C(12) forces that 
f'{z) 7 ^ 0 in D and the single valued branch log f'{z) with log/'(0) = 0 exists on 

D. 

Theorem 1.2. IfQ is starlike with respeet to 1, then log kQ{z) is eonvex uni¬ 
valent in D and log f'{z) -< log kQ{z) holds for f G C(fl). Furthermore for any 
subharmonic function u in the domain log/cQ(D) and r G (0,1) 

/ TT pTT 

u{log f'{re^^)) d9 < / u{logkQ{re^^)) d9 

-TT J —TT 

holds with equality for some u and r G (0,1) if and only if u is harmonic in 
log ^^(0(0, r)) or f{z) = ek^{ez) for some e G 5D. 


By letting u{w) as particular functions we can obtain various inequalities. 
We shall only give typical examples. Since the functions log |tc|, with 0 < 
p < oo, <I>(±Retc) or $(±Imtc) with a continuous convex function $ on M are 
subharmonic functions of tc G C, we have the following inequalities. 


Corollary 1.3. IfQ is starlike with respect to 1, then for any f G C(r2) and 
r G (0,1) the following inequalities hold. 


(1.5) 

( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 


log|log/'(re‘")|<i»< / log | logl;n(re‘")| <i», 

J —TT 

/ TT 

\log k'o^ir )f d9 (0 < p < oo), 

-TT 

«l>(±log |/'(rF')|) d9 < r $(±log KirF^)\) d9, 

J —TT 

P7T 

^{± aig f'{re^^)) d9 < / aig kQ{re^^)) d9. 


Equality holds in fll.Sp or fll.bp if and only if f{z) = eQ^i^ez) for some e G clD. 
Furthermore when *h(±t) is not linear in the interval 


min log\k'^{rF^)\, nrax log\k'^{rF^)\ 

—7r<y<7r —7r<6?<7r 


(1.9) 
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or 


( 1 . 10 ) 


min arg/co(re*^), max are/co(re*^) ) , 

-7r<0<7r " -7r<6»<7r " ' 


equality holds respectively in fll.7p or fll.Sp if and only if f{z) = ekQ{ez) for some 
e G 9D. 


In contrast to the above corollary we need to assume that <I> is nondecreasing 
in the following theorem. 


Theorem 1.4. Ifkl is starlike with respect to 1 and symmetric with respect to M, 
then log I(re*®) I is a symmetric function of 9 and nonincreasing on [0,7r], and 
for any convex and nondeereasing function 4> in R and any Lehesgue measurable 
set E C [—vr, tt] of Lebesgue measure 26, we have 



$(log|/'(re*")|)ds < 



*^*(log|A:(2(re**)|)ds. 


In particular 

)\d9< [ r|fc(^(re*")|ds, 

J-e 

i.e., the length o/{/(re*®) : s G E} does not exceed that o/{/cn(re*^) : |s| < 6}. 



2. Subordination 

First we state a variant of the Littlewood subordination theorem (see O The¬ 
orem 1.7]) and give a proof for completeness. 

Lemma 2.1. Let f, E ^ A with f -< E. Then for any subharmonic function u 
in F(D) and r G (0,1) 

/ TT nn 

u{f{rE^)d9< / u{E{rE^))d9 

•TT J —TT 

with equality if and only if f{z) = E{ez) for some e G 9© or u is harmonic in 
F(D(0, r)). 


Proof. Let a; G .4, with |a;(^)| < \z\ and f{z) = E{u{z)) in ©. Let U be the 
continuous function on D(0, r) such that U = uo E on 9D(0,r) and harmonic in 
D(0, r). Since uo E is subharmonic in D, it follows from the maximum principle 
that {uoE){z) < U{z) on©(0,r). Thus 


(n o f)(^z) = {uo E o u;){z) < U o oj{z) 
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and 


u{f{re'‘%)d9= / {u o F o u){re^^) d9 
J —TT 

/ TT 

{Uouj){rF^)d9 

•TT 

= 2'k{U oa;)(0) = 27rf/(0) = 


U{rF^)d9= / u{F{rF^))d9 


If f{z) = F{ez) for some £ G cID, then eqnality trivially holds in fl2.1l) . Also if 
u is harmonic in F(D(0,r)), then uo F and uo f are harmonic in D(0,r), and 
hence it follows from /(O) = F(0) = 0 and the mean valne property of harmonic 
fnnctions that both hand sides of (12.Ij) rednces to 27ra(0). 

Snppose that eqnality holds in fl 2 .ip . Then for almost every 9, uoF{u{re^^)) = 
U{u{re^^)) holds. Withont loss of generality we may assnme that F is not con¬ 
stant. By the classical Schwarz lemma it snffices to show that u is harmonic 
in F(D(0,r)) when |a;( 2 ;)| < \z\ for all 2 ; G D, since otherwise uj(z) = in D 
for some e G SD. Therefore for any fixed real 9, a;(re*^) is an interior point of 
D(0,r). It follows from the maximnm principle for snbharmonic fnnctions that 
uo F = U in D(0, r). 

Now we show that u is harmonic in F(D(0, r)). Let wo G F(D(0, r)) and choose 
Zq G D(0,r) with F{zo) = Wq. If F\zq) 7 ^ 0, then F maps a neighborhood of 
zq conformally onto a neighborhood F{Vzo) of '^ 0 , and hence u = U o 
is harmonic in F{Vzq). Even if F'{zq) = 0, u is at least continnons at zq. In 
fact, for each 77 > 0 there exists 5 > 0 snch that \U{z) — U{zq)\ < 6 holds for 
2 ; G D( 2 o 5 <^)- Since F is nonconstant, F(JD){zo, 6)) is an open neighborhood of Wq 
and \u{w) — M(tCo)| < 9 holds for w G F(I}{zo, 6)). Thus u is continuous at tco- 

We have shown that u is continuous in F(]D)(0,r)) and harmonic in F(D(0,r)) 
except at each point in the set of critical values 

B = {wq = F{zo) : Zq G D(0,r) with F'(zo) = 0}. 

Since B is finite, each point in B is isolated and hence is a removable singularity 
of u. Thus u is harmonic in F{Vzq). □ 


Proof of Theorem \l.^ Let / G C(r2) and h{z) = 1 -|- zf"[z)/f'[z). Then h 
satisfies h{0) = 1, h -< (pQ. By the starlikeness of hi with respect to 1 it follows 
from the Suffridge lemma (see m) that 


log/'(^) = 


MC) -1 
C 


dCP 


0o(C)~ 1 

c 


dC 


log k'niz), 


where is defined by f|1.3l) . Also it follows from the starlikeness of hi with 
respect to 1 that logfc^ is convex univalent in D. Now the latter half of the 
statement is a direct consequence of Lemma 12.11 □ 
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Proof of Theorem M.li Let u{w) = and L be the Laplace operator. Since 

L(re^e«') _ j.^Kew > 0, M is snbharnionic in C and fll.dp easily follows from 
Theorem 11.21 Fnrthermore the snbharmonic fnnction is not harmonic in 

any domain in C. Thns if eqnality holds in fll.dp . then log/'( 2 ;) = logh'^^^ez) for 
some e G 5© and hence we obtain that f{z) = eQ^i^ez). □ 

Proof of Corollary \1.!^ Ineqnalities fll.Sp . fll.bp . fll.7p and fll.Sp are conseqnences 
of Theorem 11.21 and the snbharmonicity of fnnctions log |ta|, \w\^, $(±Rer(;) and 
<l)(±Imtc), respectively. 

Notice log|tc| is not harmonic in log^^(©(0,r)) for any r G (0,1) becanse 
logA:Q(0) = 0. Also \w\^ is not harmonic in any domain in C. Fnrthermore 
<h(±Re w) and $(±Im w), are not harmonic in (logA;Q)(D), since *h(±t) is not 
linear in the interval given by fll.Op or by fll.lUl) . Thns if eqnality holds in fll.Sp . 
dH, (HZI) or m, then by Lemma [2.11 we have log/'(^) = log k'^^ez) for some 
£ G 5© and hence f{z) = ekQ{ez). □ 


3. Circular Symmetrization 


We summarize without proofs some of the standard facts on the theory of 
^-functions developed by Baernstein [2]. For more on ^-functions we refer to 
Dnren [5|. 

Let |F^| denote the Lebesgne measure of a Lebesgne measurable set E {d M). 
Let h : [—vr, vr] —)■ M U {±cxo} be a Lebesgne measurable fnnction which is finite- 
valued almost everywhere. Then the distribution fnnction defined by 


Xh{t) = \{h > t}| = \{e G [-7r,7r] : h{e) > t}\ 


is nonincreasing and right continuous on M, and satisfies lim 4 ^_oo Xh{t) = 2 tt and 
lim^^oo Xhit) = 0. Let 


m 


inf{t G M : Xhif) < 26} for l^l < tt 
ess inf h for l^l = tt. 


It is easy to see that h is symmetric, i.e., h{—6) = h{d), and satisfies the following 
conditions: 


(i) ess inf h < h{6) < ess sup h 

(ii) h is right continuous and nonincreasing on [0, vr] 

(iii) limej^o h{6) = h(0) = ess sup h and lim 0 '|- 2 ,r h{6) = hiji) = ess inf h 

(iv) h is eqnimeasnrable with h, i.e., X%{t) = Xhif) for all f G M. 

The fnnction h is called the symmetric nonincreasing rearrangement of h. Notice 
that h is unique in the sense that if h is also a symmetric fnnction on [— tt, vr], 
nonincreasing and right continuous on [0, vr] with lifn) = ess inf h and eqnimea¬ 
snrable with h, then h = h. 
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For h G L^[— TT, vr], the ^-function of h is the function dehned by 

(3.1) h*{6) = sup / h{s) ds, 0 < 6 < 7i, 

\E\=2e JE 

where supremum is taken over all Lebesgue measurable subsets of [—7r,7r] with 
|£'| = 26. Then it is known that 

(3.2) h*{e) = [ h{s) ds, 0<e<Ti. 

J-e 

Lemma 3.1. ([21 p. 150]) For h, H ^ L^[—vr, vr], the following statements are 
equivalent: 


(a) For every convex nondecreasing function $ on M 



<^{h{e))d9 < 



<!>{H{9))d9, 


(b) For every f G M 



{h{9)-t)+d9 < 



{H{9)-t)+d9, 


(c) h*{9) < H*{9) for 0<9<7i, 


where {h{9) — t)~^ = max{h{9) — f, 0}. 


Let n be a subharmonic function in the unit disk D. Then for each hxed 
r G (0,1), n(re*^) is an integrable function of 6^ G [— tt, vr]. Let v{re^^) and 
n*(re*^) be the symmetrically nonincreasing rearrangement and the ^-function 
of the function [—vr, tt] 3 0 i—)■ n(re*^), respectively. The function v is called the 
circular symmetrization of v. 

We now can conclude an inequality concerning ^-functions from Lemma 12.11 
The following lemma is not knew and it is an equivalent variant of Lemma 2 in 
Leung [9]. 

Lemma 3.2. Let f,F^A with f -< F. Then for any subharmonic function u 
in F(D) and r G (0,1) 

{u o /)*(re*®) < (m o F)*{re^^), 0 < 6* < vr. 


Proof. Since {u{w) —t)~^ is also subharmonic in F(D) for any f G M, we have by 
Lemma 12.11 that 


{u o f(re^^) — t)^ d9 < I {u o F{re'‘^) — t)^ d9. 


ie\ 


Therefore it follows from Lemma 13.11 that [u o /)*(re*^) < {u o F)*(re*®) for 
0 < 0 < TT. □ 
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Proof of Theorem \1.4\ Let be a nondecreasing convex function in 
$(Retc) is a subharnionic function of w G C. By Lemma [3.21 we have 


Then 


mog\f\)nrP<^)<mog\k'^\)nrP^) 


for all r G (0,1) and 6 G [0,7r]. Now we temporarily suppose that for fixed 
r G (0,1), log I/cq( re*®)I is a symmetric function of 6 and nonincreasing on 
[0,7r]. Then so is <h(log |fcQ(re*®)|), since $ is nondecreasing. Thus the sym¬ 
metrically nonincreasing rearrangement of <h(log|fcQ|) coincides with itself, i.e., 
(<h(log \k'Q\)){re^^) = <l)(log |fcn(Le*®)|). Therefore we have by (13.1|) and (13.2p that 
for any Lebesgue measurable set E C [— vr, vr] with \E\ =26 



$(log|/'(re“)|)ds<<l>(log|/'|)*(re*®) 


< ®(log|A:(2|)*(re*®) 

= [ $(log|/c(^|)>e*")ds 


’-e 


H'^og \ k'^{re^^)\) ds. 


'-e 


It remains to show that the function 6 ha log |fcQ(re*®)| is symmetric and 
strictly decreasing on [0,7r]. Since hi is symmetric with respect to R, we have 
0n(^) = 4>n{z)- This implies log |/cQ(re“*®)| = \og\k'^{re^^)\. Furthermore from 
0q(O) > 0 it follows that (fn maps the upper half disk D fl G C : Im z > 0} 
conformally onto hi fl {w G C : Im tr > 0}. Thus for 6 G (0, vr) 

^ {log I(re*®)!} = (log(re*®)} 

= Re |^Iog/c(2(re*®)| 

I ire*®A:Q(re*®)} 

= A;(,(re*®) / 

= Re {i(0n(Le*®) - 1)} = - Im 0o(re*®) < 0. 

□ 
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